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HIGH VERSUS LOW ANTENNAE IN RADIO 
TELEGRAPHY AND TELEPHONY 


I. PREFATORY CONSIDERATIONS 


1. Current Notions RELATING TO THE HEIGHT OF RADIO 
ANTENNAE 

In a paper presented before the British Institution of 
Electrical Engineers in 1899, Marconi announced a relation 
between the working telegraphic distance of a pair of wireless 
stations and the height of the station antennae. This rela- 
tion, which has come to be known as Marconi’s law, is as 
follows: For stations with antennae of equal height, “‘the 
distance at which signals can be obtained varies approxi- 
mately with the square of the distance of the capacities from 
earth, or perhaps with the square of the length of the vertical 
conductors.’’* 

This relation, which is based upon experiments between 
stations with antennae each consisting of a single vertical 
wire or a single wire connected to a capacity area of very 
moderate dimensions, has exerted and now exerts a guiding 
or dominating influence in the practice of wireless telegraphy. 
The great elevation—from 100 to 1000 feet—at which the 
capacity areas are mounted in all wireless stations 1s con- 
clusive evidence either of the necessity or of the importance 
of high antennae in the minds of those practicing the art of 
wireless telegraphy at the present time. 

From the very early years of the art, the practice in the 
construction of wireless antennae has been to use, not single 
wires, but a multiplicity of wires arranged in the form of a 
fan, a harp, an umbrella, a cylindrical cage, or an inverted 
cone or pyramid. These wires constitute an extended 
“capacity area,’ and, as previously stated, the practice is 


*Marconi, Wireless Telegraphy—Jour. of the Inst. of Elecirical Engineers 1899 
Vol. 28, page 279. 
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to mount this extended capacity area, or at least a large 
part of it, at a great elevation above the earth. For example, 
the capacity area of the government station at Arlington, 
D. C., consists of three approximately horizontal wire harps 
suspended at a mean elevation of about 500 feet above the 
surface of the earth. Each harp contains 23 strings and has 
a width of 88 feet and a mean length of 300 ft. 

The following elementary considerations seemed to the 
writer to warrant a critical examination of the practice of 
mounting such extended capacity areas at these great eleva- 
tions. 
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2. THE ELECTROSTATIC FIELD AT A GREAT DISTANCE FROM 
AN EXTENDED CHARGED SHEET 


In Fig. 1, let M represent an extended circular sheet of 
conducting material insulated from and parallel to the sur- 
face of the earth. Imagine this conducting or capacity area 
M to be maintained at a steady voltage E above the potential 
of the earth, and let us calculate the potential gradient which 
is thereby set up at a point P near the surface of the earth 
and at a great distance from the capacity area. 


Let E represent the difference of potential in volts between 
the area M and the earth. 

Let x represent the horizontal distance from the center 
of M to the point P. 

Let R represent the radius of the area M. 

Let h represent the height of M above the earth. 

Let p represent the permittivity of the air (8.84 x10") 

All distances are to be expressed in centimeters. 


Suppose now that h is small in comparison with R and 
that the distance x in comparison with R is very large. For 
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example, suppose the radius R is of the order of 60 meters 
(200 ft.), that the height h is between 1 meter and 30 meters 
(3 and 100 feet), and that the distance x to the point P is 10 
kilometers (6.2 miles) or more. For these proportions the 
following statements are approximately correct. 

Neglecting “edge effects” and displacement from the upper 
face of M, the capacity C of the sheet M with reference to 
the earth is 


2 
= iE ead 
h 
The quantity of electricity (Q) on M is 


C) an Gy = ee coulombs 


The potential gradient F; at P due to the charge Q on M is 
exerted in the direction OP and is 


2 
ee Ee volts per cm. 


Since h? < .QO001 x2, 


R2E 
PS Alix 


volts per cm. (approximately) 


The gradient at P which results from the distribution of 
the charge (—Q) on the surface of the earth is calculated by 
introducing the electrical image of the charge Q with refer- 
ence to the equipotential surface SS, which is hereinafter 
treated as a plane surface. The image of Q is the charge 
(—Q) located on the surface M’ at the distance h below the 
plane SS. 

The charge (—Q) at M’ would give rise at the point P toa 
sradient F, exerted along the line O’P and equal to 


ing 


ae Ahx? 


volts per cm. 

The gradients F; and F, at P may be resolved into com- 
ponents parallel to and normal to the surface of the earth. 
The components parallel to the surface neutralize, and those 
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normal to the surface add. The component of F, normal to 
the surface of the earth is— 
h h 


i— 


P= Fis ¢= arias Pee 


a 


Rhee = volts per cm. 


Ax 

Therefore the resultant potential gradient F at the point 
P is normal to the surface of the plane SS, is directed down- 
ward, and is approximately expressed by 


2 
F a volts per cm. 
2A? 


Rig? 


The expression for the gradient at P does not involve h, the 
height of capacity area M. Therefore, within the limits pre- 
viously specified, the gradient at P due to an extended sheet 
M maintained at a given potential E above the ground is in- 
dependent of the height of the sheet above the ground.* 


* It is to be recognized that this treatment is not rigorous and that the conclusions 
apply only within certain limits. If h is made large as compared with R, the ca- 
pacity of the sheet M to the plane SS becomes independent of h and equal to 8pR 
farads. ‘Therefore the gradient at P is normal to the surface of the plane and is 


Rh E 


TT x8 
tional to the height of the sheet M above the surface SS. 

The fact that the earth’s surface is a spherical surface and not a plane surface does 
not alter the conclusion that the gradient at the point P is independent of the 
height of the sheet above the ground. For example, by applying the method of 
images to the spherical surface shown in Fig. 2, it may be shown that the gradient 
at the point P which is at a quadrant’s distance from M is given by the expression 


ARTE 
3 


equal to volts percm. That is, the gradient at P will be directly porpor- 


F 


volts per cm. (approximately) 


This expression does not involve h, the height of the sheet M above the surface 
of the sphere. (As in the case of the plane surface, this expression applies only for 
the case in which h is small in comparison with R.) 
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In view of the fact that the height of ‘the @apacity area Is 
(within limits) without influence upun thexstéady state of 
the medium at P, this question now arises. potential 
of the sheet M, instead of being maintained’c astant, is 
caused to vary in a periodic manner, how will ‘nO mitiapitude 
of the disturbance thereby set up in the medium AGA point 
P be affected by the height of the sheet M? *h “A 

Cais 
3. SIMPLIFICATION OF THE RADIATING SYSTEM “4 “ 

To answer the question thus raised by the iste bi a 
the steady state of the field requires the application of the 
equations of the electro magnetic field to the radiating system 
shown in Fig. 3. In its simplest form the radiating system 


$e —-_-— ia 


-_ 
= =- 
oe 
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comprises an extended circular plate M with its surface par- 
allel to the surface of the earth, a vertical conductor W and a 
generator G generating asinee.m.f. Totreatsuchasystem, 
the surface SS is imagined to have infinite conductivity. It 
thus becomes an equipotential surface and the effect of the 
distributions of current and charge over this surface is de- 
termined by replacing this conducting surface by the images 
of elements M, W, and G in the surface, as in Fig. 4. 

The conditions to be fulfilled at the boundaries of Fig. 
4—that is, at the surfaces of the conductors—are so involved 
that a rigorous analytical treatment is impossible. If the 
conditions are simplified by assuming the conducting sheet 
M and wire W to have infinite conductivity, the boundary 
conditions are still too involved for treatment. It becomes 
necessary, therefore, to further simplify the radiating system 
by depicting it as in Fig. 5. In Fig. 5 a positive charge Q 
distributed over a circular area of radius R is assumed to 
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move up and down in such a manner that at any moment its 

elevation (h) above the surface SS is given by the expression 
h =h,coswt 


A negative charge (—Q), also distributed over a circular area 
of radius R, moves up and down so that its elevation is given 
by the expression 


h= —h,cosot 


The charges Q and —Q are not uniformly distributed over the 
two circular areas, but they may be imagined to be confined 


PIG) 


to insulated circular strips. When the two charges move up 
and down, the circular strips carrying the positive charge 
may be imagined to pass between the circular strips carrying 
the negative charge at the instant both charges pass in oppo- 
site directions across the surface SS. The steady states at 
great distances which correspond to the instantaneous states 
of such a radiating system are identically the same as the 
states corresponding to a Fig. 4 system, provided the total 
voltage generated in the two generators of Fig. 4 is given by 
the expression 

a © cos wt 
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In the case of the radiating system depicted in Fig. 5, 
there are no conduction currents to deal with, and the elec- 
tric charges move in a simple predetermined manner. We 
proceed (a) to set up the differential equations applying to 
this system, (b) to indicate a solution of these equations, 
and (c) from this solution to draw conclusions as to the 
relative merits of high versus low capacity areas in wire- 
less telegraphy. 


Il. DIFFERENTIAL EQUATIONS OF THE ELECTRO- 
MAGNETIC FIELD.. 


4. NOTATION. 
At any point in the electromagnetic field, 


ket | 

p represent the volume density of electricity in coulombs 
per cu. cm. 

V a the velocity of the moving charge in cm. per 
sec. 

F the electric force or potential gradient in volts 
per cm. 

H i: the magnetic force in ampere-turns per cm. 

D the electrostatic flux density or displacement 

in coulombs per sq. cm. 


B a the magnetic flux density in webers per sq. 
cm. 

cD aa the retarded displacement potential. 

A 7 the retarded vector potential. 

fet 

f represent the frequency of the radiating system in cycles 
per sec. 

p ‘ the permittivity of the medium in coulombs 
per sq. cm. per volt per cm. 

1 14 
For free space p = 759 108 or 8.84 10 
Le ey the permeability of the medium in webers per 


sq. Cm. per ampere-turn per cm, 
[ 189 | 


12 BULLETIN OF THE UNIVERSIFY OF, “WiISCONSTN 


For free space »= Ae or 1.257 1 


10° 
1 
S a ——— = 3 10!° = velocity of light. 
Mp 
ale d? d? 
D) 66 teers ae pee ite 
x (= ‘i Give iv ot 


The quantities represented by bold faced capitals are 
vector quantities. Let their X, Y, and Z components be des- 
ignated by the subscripts 1, 2, and 3. Thus, 


Let 


D, D. Ds; represent the X, Y, and Z components of the 
displacement. 


Vi Ve Vs represent the X, Y, and.Z componeniseenieac 
velocity, etc. 


It will be noted that all quantities are to be expressed in 
terms of the Ampere, Ohm, Ampere-turn, Weber system of 
units. 


5. FUNDAMENTAL RELATIONS EXPRESSED IN VECTOR NOTA- 
TION 


The fundamental relations which must be satisfied at all 
points of the electromagnetic field are expressed by the fol- 
lowing differential equations. 


div Das p (ip 
div B =0 (2) 
dD 
curl H Se (3) 
dB 
CHa ker— eae (4) 
= pr (ol 
B = uwH (6) 


These same relations when expressed by differential equa- 
tions involving the rectangular components of the vectors 
take the following forms. 
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6. FUNDAMENTAL RELATIONS EXPRESSED IN RECTANGULAR 


COORDINATES 
Equations (1) and (2) may be written: 


pies CD GD ei (1a) 


Bie dB ee. Ba 
TG ean ain =) 


Equation (3) may be written: 


= = a) ise (= a |) “ap ee i ee) v 
dy dz IN dz Od dx dy/ 


as dD) my ake. dD. 
(G4 PV.) ae (Se+ »V:) atoudk (Gut »Vs) 


This yields the three equations: 


dH; dHs vies dD, 
eee dee ee 


Cae Gli. re dD, 
ene di op) 


dH, dH, ae dD; 
i aegen we) 


In like manner, equation (4) yields the following three 


equations: 
og. e “ 


( 


7. PHysicAL INTERPRETATION OF THE DIFFERENTIAL EQUA- . 


TIONS 


The relations expressed in the differential equations | to 4 
are more familiar to engineers when stated in a form more 


suitable for application to circuits of finite dimensions. 
[191 | 
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may, therefore, be well, before we proceed to the solution of 
these differential equations, to identify the equations with 
the more familiar statements of the laws they express. 

Equation 4 results from the application of Faraday’s Law 
of Induction to a circuit of infinitesimal dimensions. The 
law of induction is, ‘“The electromotive force induced in a 
closed circuit, or the line integral of the electric force around 
the circuit, is equal to the rate of decrease of the magnetic 
flux threading the circuit.”’ This is called by Heaviside the 
second law of circuitation. Consider the application of this 
law to the small circuit bounding the infinitesimal square 
parallel to the XY plane in Fig. 6. 


4 Fa 


Bices6 


The magnetic flux threading this circuit is Bsdxdy 


dB, 


a; dxdy 


The rate of decrease of this flux is. — 


Now if F; and F.2 represent the X and Y components of 
the electric force or voltage gradient at this point, it is evi- 
dent that the resultant or net electromotive force around the 
circuit in the direction indicated (or, in other words, the line 
integral of the electric force around the boundary of the 
square) is given by the expression 


Line integral of F = Fidx-+ [Ft eet vee [Fit 


dF, o May uel ane mu} 
as ay | dx — F.dy = (Fe ie dx dy 
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According to Faraday’s law, the electromotive force in- 
duced in a circuit around the boundary of this square 1s 
equal to the rate of decrease of the flux threading the square. 

Therefore the line integral of the electric force F around 
the area dydx or— 


dF, ne dF, : dB; 
(= =) dx dy is equal to — a a dy 
Whence 
Line integral of F around dxdy |. (dF: _ on) = 
area dx Thay ae 
_ 4B, 
dt 


This is equation (4c). In like manner equations (4a) and 
(4b) may be derived. 

Now the curl of a vector F at any point P and in any plane 
passing through that point is defined as a vector M whose 
length is equal to the line integral of the vector F taken around 
the boundary of an infinitesimal portion of the plane divided 
by the area of the infinitesimal portion. ‘The vector M is to 
be drawn normal to the plane and in that direction in which 
a right hand screw would advance if it were threaded through 
the plane and rotated in the direction in which the boundary 
was traversed in taking the line integral. At the given 
point P there will be some plane for which this quotient, .or 
the curl, has a maximum value. This maximum value is 
called “The Curl of the vector F at the point P.” If the curl 
of the vector F in three planes parallel to the XY, XZ. and 
YZ planes is taken, the three vectors so obtained are the Z, 
Y, and X components of “The Curl of the vector.” 

To summarize the above discussion, the quotient obtained 
by dividing the line integral of the electric force F around 
the boundary of a small area parallel to the XY plane by 
the area was found to be (= — ey Through the applica- 
tion of Faraday’s Law of Induction, this quotient was shown 
to equal the rate of decrease of the Z component of the flux 
density at the point. In other words, the curl of the electric 
force F in a plane parallel to the XY plane, or the Z com- 
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ponent of the curl of F, is equal to the rate of decrease of the 
Z component of the flux density. Likewise, the X and Y 
components of the curl of F are equal respectively to the 
rates of decrease of the X and Y components of the flux den- 
sity, Bas Or 
dB 

eae Sores 5 4 

curl F af (4) 
8. Equation (3) is obtained by applying to a circuit of in- 
finitesimal dimensions the familiar conception that the 


Biee77 


magnetomotive force in ampere turns exerted around any 
complete circuit, or the line integral of the magnetic force 
around the circuit, is equal to the current passing through 
and looping with the circuit around which the line integral 
is taken. By the current passing through the circuit is meant 
the sum of the conduction current plus the convection cur- 
rent plus the displacement current. This is called by Hea- 
viside the first law of circuitation. 

To illustrate a specific application of this law to a circuit 
of finite dimensions, suppose we wish to determine the mag- 
netomotive force exerted upon the magnetic circuit—the 
iron core—of the current transformer illustrated in two 
different positions A and B in Fig. 7. 
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To find the current passing through and looped with the 
core we imagine any surface, plane or curved, of which the 
core is the boundary. The current looping with the iron core 
at any instant is, then, the net current passing across this 
surface. Imagine a plane surface of which the core is the 
boundary. Then with the current transformer in the posi- 
tion A, substantially the only current which crosses the plane 
surface is the conduction current in the high tension lead of 
the power transformer P. (The secondary circuit of the 
current transformer is assumed to be open.) 

Suppose, however, the current transformer is shifted to 
the position B, a position in which the plane surface bounded 
by the core cuts through the dielectric of the condenser C, 
and consequently, a position in which no conduction current 
crosses the plane surface. In this position the current cross- 
ing the plane surface is a displacement current. This dis- 
placement current—the rate of change of the electrotrostatic 
flux which passes across the plane surface bounded by the 
core—is less than the conduction current in the trans- 
former lead at A by the displacement which takes place be- 
tween the leads along paths, as def, which do not loop 
through the iron core. If the leads are short and the con- 
denser plates large, the magnetomotive force exerted upon 
the core in the position B will be only slightly lower than in 
the position A. 

As in the previous case, let these considerations be applied 
to a small square circuit of infinitesimal dimensions similar 
to that shown in Fig. 6. 

The line integral of the magnetic force H around the 
boundary of the square is— 


The current passing through the area dxdy is— 
dD; 


Since the magnetomotive force around the boundary of the 
area equals the current through the area, these expressions 
are equal. 
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Whence (Ge - a) dx dy = (vv: + sh) dx dy 


* (GE =) s (vv: ve a) 
dx dy 


This is equation (3c). The left member is the curl of the 
magnetic force H in a plane parallel to the XY plane, or it is 
the Z component of the curlof H. The right member is the ex- 
pression for the Z component of the convection current density 
plus the Z component of the displacement current density. 

Equations (3a) and (3b) may be derived ina similar manner. 


9. Equation (1) expresses the fact that the Faraday tubes 
of electric force originate on the electric charges. The rela- 
tion is perhaps more familiar in either of the following forms: 

“The number of tubes of displacement which cross any 
closed surface in the field is equal to the quantity of electricity 
contained within the surface,” or, ““The surface integral of 
the displacement taken over any closed surface is equal to 
the quantity of electricity contained within the surface.” 

Let this law be applied to the small cubical volume shown 
ie |B) Redo 

The surface integral of the displacement taken over the 
surface of the cube is: 


= Dydyvdz-— [D, + Phas | dy dz — D.dx dz 


+] Dit“? ray | dxdz — D; dxdy + [p. +Praz| dxdy 
dD, , dD,z 
or ee + ara + al dxdydz 


[al OO.) 


BENNETT—RADIO TELEGRAPHY AND TELEPHONY 19 


The quantity of electricity within the cube is p dxdydz 


dpi dD yd), "3 
Die deed bst|la 5 
or] an ade se = ae 


The left member of equation (1a) is the quotient obtained 
by dividing the surface integral of D taken over the surface 
of the infinitesimal cube by the volume of the cube. The 
value of this quotient is called the divergence of the vector 
D at the point. 


10. Equation 2 expresses the fact that the tubes of mag- 
netic induction do not originate or diverge from any portion of 
space. They are closed tubes, linking with the current and 
returning into themselves. 


Il]. INTEGRATION OF THE DIFFERENTIAL 
EQUATIONS 


11. To OBTAIN THE DIFFERENTIAL EQUATIONS IN A ForM 
INVOLVING ONLY ONE DEPENDENT VARIABLE, AS D, 
Differentiating (3a) with respect to (t), 
PH, GH, GD, d , 
Gis maditdz  nidi2 dt 
Substituting in (4b) and (4c) wH for B, differentiating (4c) 
with respect to y, and (4b) with respect to z, and substituting 


pV1) (7) 


ee d? Ha destin 
the values so obtained for Te and Ade in equation (7), 
mimes C7 102, ~ d2-By. ds) d?:. Dis ud 
+| dy? dy dx dz? dz ‘| Sirens ae : 


Substituting for F in equation (8), its value from equation 


(9), 

a d? D, Soe) med 19; 

uplL dy? dydx dz? dzidsal-Cpedt 
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Differentiating (1a) with respect to x and substituting the 


d2 Doe ed 2a \ee 
aaa sae 2) in equation (9) 


E De d? D; d? a a d2 Dp; dp 


ce a dy? dz? dv dx i MPa = (eV) oe 
1 


Writine:s (ors. — = od0t 
V up 


d? dz d? 
2 ae 
and V?for (S ; Uae + =) 
Equation (10a) may be written, 


value so obtained for ( —_ 


Vee Raat ea (10a) 

In ale manner the eens eee may be obtained 
[ye - 5p - +5 gow 0b) 
and Lv: = “ a = vs =p: 5 = (eVs) (10c) 


12. To OBTAIN DIFFERENTIAL EQUATIONS INVOLVING Hi 
ONLY 

Differentiating (4a) with respect to (t), and substituting — 

for B,; its value » Hy, 


EWS Sa irentaginwe elt 

dvdy deidz 0%. 2d 
Substituting for D in equations (3b) and (3c) its value pF, 
differentiating (3c) with respect to (y) and (3b) with respect 


(11) 


to (z), and substituting the values so obtained for S * and 
= 2 in equation (11), 

3 [Se — Sa ovo — ee Ee + gD] 

be = (12) 
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Differentiating (2a) with respect to (x) and substituting the 


; Day Ace bad Es eo EA is Ee Gat : 
value so obtained for Fake oy in equation (12), 
CES 1 Sar a es Ieee Eel es CZaEL isa d 
| to dy? AEE | a eA Fao 
q : 
= Lvs (13a) 
This may be written: 
Heels d d 
Pape" a Mae Mae Se ae 
[v oe | ae Faon dz ov | ea 
In like manner the following equations may be obtained: 
ieytiy d d 
Lv: a ee An H, = — | eee chs Avs) (13b) 
aeer el d d 


13. THE DALEMBERTIAN OPERATOR 
The differential equations for which the solution is de- 
sired take the forms: 


. Ade dp Lad. 
AS esse tas Ree She a) 
Lv Calle | e dx a CEMORE (eV) Gel 
tayo ks d d 
and Lv: aa So) =) Hi = — Paar eS" A evs) (13a) 


That is to say, in the solutions or integrated equations, 
D, and H, must be such functions of time and of the position 


2 
of a point in space that the operation Lv: oe = a ap- 


plied to the function will yield a result whose value is deter- 
mined by the volume density (p) and the current density 
(pV) at the point. 

It is very convenient to have a name for the result of 
toe 
s? dv? 
Lorentz has suggested* that the result of the operation be 

* H. A. Lorentz, Theory of Electrons, page 17. 

P1995) 


the operation Lv: — uponr a quantity. “He AG 
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called the ““‘Dalembertian of the quantity,” since d’Alembert 
was the first to solve the differential wave equation involving 
the operation myo 

Ox? Sunol 


deen 
ache Sea li Ha 
Lv Ss? al 


Adopting this suggestion, we may say that the Dalem- 
bertians of the components of D and H are given in equations 
(10) and (13) in terms of the volume density (») and current 
density (pV). 

Now in the system of moving charges depicted in Fig. 5, 
(p) and (pV) are known functions of time and of the position 
of a point in space. That is to say, the right hand members 
of equations (10a) and (13a) are functions of known form, 
and the problem is to find the functional expression which 
will give the value of D,, or of H,, at any point in space and 
for any moment of time. If the known form assumed by 
the right hand member of equation (10a) is represented by 
the expression { (t, X, Y, Z), we have given— 

Losde 


Lv: = | Diet (14) 


| which is a special case of 


Or, dropping the subscripts, the problem is— 
Giveou) Dalembertian. D =f (7X 97). 
to find, the expression for D. 
We proceed to demonstrate the following proposition. 


14. PROPOSITION THAT THE “RETARDED POTENTIALIZING 
OPERATION PERFORMED UPON THE f (t, x, Yy, Z) YIELDS 
A FUNCTION WHOSE DALEMBERTIAN EQUALS THE 
EGER VEZ 
“If the Dalembertian of D equals f (t, X, Y, Z), then the 
value of D may be found by an operation which may be 
called the operation of forming the “retarded potential” of 
the f (t, X, Y, Z). The operation of forming the retarded 
potential of the f (t, X, Y, Z) may be symbolized by stating 
that the value of D will be given by the equation, 
* Whittaker, History of the Theories of Aether and Electricity, pages 268 & 298. 
H. A. Lorentz, The Theory of Electrons, page 233. 
Ludwig Lorenz, Phil. Mag. (1867) Vol. 34, page 287. 
M. B. Riemann, Phil. Mag. (1867) Vol. 34, page 368. 
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all space 
D=-> t[(.-4), XYZ, 
C —— dv (15) 


This expression is to be read as follows: The value of Data 
given instant (t) and for a given point P = (, y, z) 1s equal 
to | — = times the summation obtained— 
(a) by dividing all space into volume elements (dv), 
(b) dividing the volume of each element by its distance 
r=wv (X — x)? + (YY — y+ (Z — z)? from the 
point P. 

(c) multiplying this quotient by the value of the f (t, X, 
Y, Z) at the volume element, not for the instant (¢), 


but for the instant of time ( -*), orr/s seconds 


earlier, 
(d) and finally summing up all the products so obtained.” 


PiGs9 


Before taking up the proof of this proposition it may be 
noted that if there are no moving charges in the field the 
operation of obtaining the retarded potential becomes iden- 
tically the same as the more familiar operation of obtaining 
the potentials in the gravitational or in the electrostatic 
field. If there are no moving charges, the Dalembertian of 
D degrades to the Laplacian of D. 
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15. PRoor FOR CHARGES AT A DISTANCE FROM THE POINT 
To show that the value of D defined by equation (15) 
satisfies the differential relation expressed in equation (14). 
Let P = (x, y, z), Fig. 9, be any point for which the value 
of D is desired for the instant (t). In performing the integra- 
tion indicated in equation (15), we are concerned with only 
those volume elements for which the f (t, X, Y, Z) has a 


value at the instant (« -+). That is, only those volume 


elements which contain a charge at the instant ¢ —+ Jeon- 


tribute to the integral. All the balance of space contributes 
nothing to the integral. A few of the volume elements pre- 
sumed to contribute to the integral have been shown in Fig. 9. 

Consider first the part of the integral contributed by any 
volume element whatsoever except the element immediately 
surrounding the point P. 

The part of the integral contributed by the volume elemicne 
(dai) a ey ete XS a7) els oe 


eee r[(t-), X,Y,2 | 
Us ees : dv 


if 


; (1 Meer er =| aed 
ai Be : Z dv 
V (Xx)? 4 (VY -y)? 2122) 
Taking the second derivative of D), with respect to (t), 
Gaara 
ecmaie cen 2 Ee “ dv (17) 


(See the footnote* for the meaning of f”’ [(t —r/s),X, Y,Z]) 


*In the expression f LC _ — % YZ), let (t-+ ) be represented by (u). 
Then— 


d r pee du 
ax (LO-F). *¥2] “tk du fu xyz] 
ane -S 4 [ i¥,Z | 
8 ‘[(t-+), eee aa {= f/ [ x,¥,Z |} 
dx? “dx 
d2u du 
ale ee > a x24 
d2u 
2 [o£ ) xx] + (8 [OED eA] 
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Taking the second derivative of Dy, with respect to (x), 
a? dvs 


Soo —e[ (2) xa) 
ey ee ae 
+f [(t-2). Nae [Soe 


In like manner, the following derivatives are obtained: 


ad? a (ay r OYaye 
fe Dw = - FE 4"[(t-+), xy, - 


4 
+¢[(t-*),xv2]] oo 
s si? Se 
ae [(.-+). XYZ = ays -+|} 
S 1 13 Jf 
and 
d? eo dv i) r (Z —z)? 
eS eee [(.-4). xyz) 2 
ee (e-t). era] [2-2] 
S sr Noe 
Mer OZ, 2) a 
ee 
Adding 
@ @., @ Bees | (t-2), xyz 
E 4 [Ds in? d 


Week 
[vt — % ar [Du = 0 


As the volume element at M represents any volume ele- 
ment save the element surrounding P, it follows that the 
Dalembertian of all that portion of D which is contributed 
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by volume elements other than the element immediately 
surrounding P is zero. 

There remains to be considered the value contributed to 
the integral by the volume element N immediately surround- 
ing the point P. Let this element be taken as a small spher- 
ical volume of radius R. To establish our proposition, the 
Dalembertian of the quantity which is contributed to D by 
this volume element must be demonstrated to equal the 
value of the fi (t, x,y; z) at-P. 


If the f L ¢ = ) XYZ | is zero within the sphere N, this 


portion of space contributes nothing to D. Therefore, if at 
P the f (t, x, y, z) is zero, the Dalembertian of D for the point 
P is zero, and the value obtained for D by the summation ex- 
pressed by equation (15) satisfies the differential relation 
expressed in equation (14). 


16. PROOF FOR CHARGES AT THE POINT 
If the, rf (t -+), X,¥,Z | is not zero within the small 


sphere N surrounding the point P — in other words, if this 
sphere contains a charge—the value Dy contributed to D 


by the values of | (t -*), XYZ within this spherical 


volume must be determined, and, as previously stated, to 

establish our proposition, the Dalembertian of Dy must be 

shown to equal the value of the f (t, x, y, z) at the point P. 
The value of Dy is defined by the equation, 


Vol. of the sphere 


Sie, t| (1-2), xvz| 
BT Gera eS eee ey 


1g 


In the first place, it is to be noted that the infinite value 
assumed by the integrand when r equals zero does not mean 
that the integral Dy is infinite. This may be demonstrated 
as follows: 

Over the space within a sphere of infinitesimal radius R 


the f L(t ~ ay XYZ | will, for any given instant of time, 
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have substantially the same values at all points within the 
sphere. Or, at any rate, the values of the function for the 
different points within the sphere may be conceived to lie 
between a maximum value f; and a minimum value f2. By 
letting the radius of the sphere approach zero, these values 
may be made to differ by an infinitesimal amount from the 
value of the function at the center of the sphere, namely 
re ex. Vy, 2). 


Consequently, the f | ( — sy, XYZ | may be imagined 


to have the uniform value f (t, x, y, z) at all points within the 
sphere. The value of Dy may then be computed by dividing 


Fics 10 


up the spherical volume into spherical shells of thickness 
(dr) and carrying out the indicated integration. 
Whence 


R 
ook | Petlaxye Zeal cc 
y= ie 
Ag if 
2 
= -< i CEO niey) (19) 


The value of Dy is therefore not only finite, but 1t can be 
caused to decrease without limit by decreasing the radius 
of the sphere without limit. 

For the purpose of calculating the Dalembertian of the 
value Dy which is contributed to the retarded potential by 
the space within the sphere N, let the origin of the system 
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of coordinates be transferred to the center (P) of the sphere. 
Then let the retarded potential be calculated—not for the 
point P—but for a point K, Fig. 10, displaced along the X 
axis by an infinitesimal distance (x) from the center. (This 
is for the purpose of obtaining the expression for Dy in such 
a form that the value of ae 
Cae 

Imagine the volume of the sphere N to be made up of 
plane slices of thickness (dX), and these slices in turn to be 
constituted of circular rings of radius (Y), as shown in Fig. 
10. 

The expression for the integral Dx now takes the form: 


Nes Be 
=e Le f (t,x,y,z) 2n YdYdX 
ie V (x—X)?+ Y? 
XS Pare ie ne 


dias f (t,x,y,z) 2n YdYdX 
an (20) 
V(X —x)?+Y? 
ax 
Integrating, 


R2 2 
Dee (= es =) f (t,x,y,z) (21) 


“ may be calculated.) 


a 


Taking the second derivative of Dy with respect to x and 
letting R approach zero, the second derivative approaches 
the following limit: 


AUB yee el 


dx? ae ey f CL Xs Vez) 


In like manner it may be shown that 


@Dy 1 


“dy? Ey. PUK eyeZ) 
2D ab 
and Aen bas To(U. Xs eZ) 
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Taking the second derivative of (19) or (21) with respect 
to (t) and letting R approach zero, the second derivative 
approaches the following limit. 


GAD 
ties % 
Therefore 


: ieee 
|v - oe Fe | Dw =f trny.2) 


This establishes the proposition that the values of D de- 
termined by equation (15) satisfy the differential relation 
expressed in equation (14), or the values of a time and point 
function D whose Dalembertian is a given time and point 
function f (t, x, y, z) may be found by the operation of form- 
ing the retarded potential of the f (t, x, y, z). 


17. PrRoor THAT THE Forces May BE CALCULATED FROM 
THE ““RETARDED DISPLACEMENT POTENTIAL” AND THE 
‘*RETARDED VECTOR POTENTIAL.” 

By equations (10a) and (15), 


1 fe + 5 OVD | " 
Se dv 2 


Splitting the right hand member of (22) into two parts, 
equation (22) may be written 


UE Gay 
Ape Tees Se : (tar/s) qy (22a) 


In which, D,’ represents the Ist, and D,”’ the 2nd term. 
* For the meaning of the subscript (t—r/s), see the footnote to equation (26). 
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In hke manner, 


D.= D,’ +D," = a es eae dv 
<A (teu re) E (pV »| Pearse dv (22b) 
mika 
BL D3’ + Da - dz ete dv 
it 
ti wrt 
A a Sc aan dv (226) 


By equations (13) a (LON 


teas ae = (V2) pe a 0%? 
ieee aie Pee ncn tor oe BL 5) (23a) 


eed = GV) - oo 
oa aera C TN 


UP 


ees £ (Va) = & ve | 
a ee (23c) 


. 


The right hand members of equations (22) and (23) con- 
tain terms of the type = and 4- L CN Now the values 
of these terms depend upon the Bae space distribution of 
the moving charge. Thus far, we have not specified in de- 
tail the manner in which the moving charges of Fig. 5 are 
distributed. All that has been stated of Fig. 5 is that two 
charges, a positive charge Q and a negative charge -Q, are 
distributed in some manner over two sets of thin circular 
rings which move up and down in a simple harmonic man- 
ner. The values of D;, D2, Ds and of H;, He, H; might bes 
computed by making any arbitrary assumptions as to the 
distribution of the charges over the rings, subject only to the 
condition that the total charge is to equal +Q on one set 
and —Q on the other set of rings. It is far more convenient, 
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however, to follow a procedure which involves no specific 
assumptions of this kind. This procedure is as follows: 
The components of the displacement and of the magnetic 
force may be derived from two auxiliary point functions 
defined as follows: 
Let the “retarded displacement potential*’’ ® be defined 
as a scalar point function satisfying the differential relation, 


pee. 
rh a = — 
fr -b ee 2» 
Also let the “‘retarded vector potential’? A be defined as 
a vector point function satisfying the differential relation, 


2 1 d? — 
Lv oe =| A=~-eV (29) 


In other words, ® and A are defined as quantities whose 
Dalembertians are to be equal to the negative of the volume 
density and the negative of the current density respectively. 
Therefore the values of @ and A will be found by the operation 
of forming the retarded potentials of —, and —,VY. Thus 


i) p 
Ar an dv (26) 


z a2 {Mle Wl) dy (27) 


The components of the vector A will be given by the equa- 


tions, 
eer L ba 
Ag ee dv (27a) 


(ly 
ee eee eee te ES) yy orb) 


“The displacement potential’ should not be confused with “‘the potential.’? The 
te of the former gives displacement and of the latter, electric force. The 
value of the former is p (the permittivity) times the latter. 

tThe subscripts (t—r/s) appearing in equations (26) and (27) indicate that in 
finding the retarded potential at a point P for the instant of time (t), any element 
a ee is to be multiplied by the value of p or py in the element at the instant 
t—r/s 
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sek (LY 
° Ar s Waberdy (27c) 


It may be shown that, 


ine Pile aor ieee ds, 
(28a) 

ait sd Pcs eed ’ ae ae 
D; = dy and D, 5 qui or D, dy a dt ) 
(28b) 

ert: (eoratee do. aie 
D,; = a and D,; = 5 ar? or D,. ae a at 3 
(230) 


Or in vector notation, 


id 


And that 
_dAz_ dAs . : 
Rae de = X component of curl of A (29a) 
CEA el Aas 
lphee apt ee Y component of curl of A (29b) 
ee GUA 
HH; = AeA. we Z component of curl of A (29c) 
Or in vector notation, 
H=curlA (29) 


The proof of these statements is as follows: 


18. To SHow Tuat Dj’ = = 
Let P, Fig. 11, represent any point in space and K a second 
point displaced from P in a direction parallel to the X axis 
by the infinitesimal amount (dx). Let the values of the re- 
tarded potential @ at these two points for a given instant of 
time be represented by , and 4,. 
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Let the operation of forming the retarded potentials at 
the points P and K for the instant (t) be visualized as car- 
ried out in the following manner: 

First: Visualize all space as divided into volume elements, 
with radii extending from the point P to all those volume 
elements which contain a charge at the instant (t—r/s). A 
few of these volume elements and radii have been shown in 
Fig. 11. The value of &, is the result of carrying out the sum- 
mation expressed by equation (26) over this system. 

Second: Now visualize a second set of radii (indicated by 
the dotted lines in Fig. 11) all issuing from the point K and 


Z 


Perey del 


drawn parallel and equal to the radii issuing from point P. 
The value @, is the result of carrying out the summation 
expressed by equation (26) over this system. 

How do the summations for #, and ®, differ? Every 
radius with its terminal volume element in one system can be 
matched by acorresponding radius and volume element in the 
other. The only difference is in the density of the charge pin 
corresponding volume elements. Ifthe volume density in any 
element belonging to the point P system (as the element Cor 
Fig. 11) is p:, the volume density in the corresponding ele- 


ment of the point K system (J of Fig. 11) is (n+ a), 


Therefore the values of &, and ®, will be given by summations 
involving identical combinations of (r) and (dv) associated 


with the volume density p in the P system and with { p+ 


a dx) in the K system. 
Pella 


3 
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1 oC 
pore i harrsad her eres dv 
1 (|e) 1 ( Lee] 
Ar we ee ee ze Cae EG 
if Agr Yr 


and 
1 ('[P| 
Pp Tide 5 (t—r /s) dv 
ig 
Therefore 
dp 
1 sie 
Pe Pp mo ee | ie 
T 


and from equation (22a) 


1 (Lae 
ae ga chs (t—r /s) AG 
it 
Therefore 
hans d® 
bob 


dé 

[Be eee 

2 dy 

rd et _ de 


— 
iw) 
jook 
iw 
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i. loSHow-lTuat Di” = — a Le 
rd 


From equation (27a), the X component A, of the retarded 
vector potential is 


1 ( [| 
ang | : Au=19 gy 


By visualizing the operations involved in finding the 
values of A, at any point P for two instants of time t; and 
(t; + dt), it may be seen that 


d Cal eae: | v; | 
an A, or aE silane 
-1 (La ()| 
Ar : ite dy 


But from equation (22a), 


se | 
ne 
D, --1{ S? dt CoN | (t—r /s) dv 


i 


Therefore 
ates dee 
a sg? dt 
In like manner it may be seen that 
pe ee | 
aes edie: 
I” eC 
and D;’’ = — 3 ares 
20. To SHow Tuat H, GAs _ dA, 
dy dz 


By equation Ts 


ba 
i pee aa r /S) dv 
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By visualizing the summations involved in finding the 
values of A; at a point P and at a second point K displaced 
from P in a direction parallel to the Y axis by the infinitesimal 
amount (dy), it may be seen that 


d 
d seul ee (ov) | 
ayn -7-| ey : EE divi 


In a similar way it oe s seen that 


Gand (ON ie ris) dy 


But from equation eae 


d d 
1 re eee are | 
H, =| dy (p 3) dz (p 2) (ate au 


c 


Therefore 
_dA;_ dA, 
piadse Borde | a 
Similar demonstrations may be used to catalan equations 
(29b) and (29c). 


21. To SUMMARIZE: 

If a system of charges moves in space in a known manner, 
the electric displacement D and the magnetic force H at any 
point in space may be derived from the retarded displace- 
ment potential and the retarded vector potential A by the 
equations, 

Das tide eA (29) 
677 CsL 
H=curlA (29) 

The values of the retarded potentials and A are to be 

computed by the equations, 


p = a leaker dv (26) 
ea Lov 
Rac a learer dv (27) 
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Pee SP RESSIONS FOR THE FORCES AT GREAT 
DISTANCES FROM THE RADIATOR 


22. THE FIELD AT Points NEAR THE EARTH’S SURFACE 


We proceed to compute the electric displacement D and 
the magnetic force H at a point P near the earth’s surface 
and at a great distance (100 wave lengths or more) from the 
radiator shown in Fig. 5. * In order that we may have spe- 
cific conditions to discuss, let the radiator be assumed to be of 
the following proportions: 


Pig. b2 
‘havlewsh 
fers OCH ATSed ATCASLi.. 4. ulm 165 meters 
Maximum elevation attained by the 
Ciarcsed- area. 2.5: ety aa Pn teen re 60 meters 
MEMRTTOLIG yet th Fy Pests Ph oe A ans 80,000 cycles 
Perarineeeto, Lhe! DOInts Pot. gin tek hte 600 kilometers 
Elevation of the point P above. S\............ 90 meters 
Maximum potential of + area toearth.. 100 kv. 


The radiating system has been redrawn in Fig. 12. © In 
this figure, the XZ plane has been taken to coincide with the 
neutral surface SS of Fig. 5; the XY plane has been passed 
through the point P = (, y, O); and the positive and 
negative charges on the two sets of rings are assumed to be 


*In the subsequent discussion, the following approximations are used: (a) the 
earth’s surface is treated—not as a spherical surface—but as a plane surface, (b) 
the resistance losses in the surface of the earth and the absorption losses in the 
atmosphere have been neglected. 
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symmetrically distributed about the Y axis. The two sets 
of rings carry the charges +Q and —Q coulombs, and their 
respective elevations above the XZ plane are expressed by 
the equations: 


h, = h, cos ot (30a) 
h, = —h, cos wt (30b) 


23. THE RETARDED DISPLACEMENT POTENTIAL ® 

As the element of charge (dQ) located at the center of the 
positive plate moves up and down in the simple harmonic 
manner expressed by equation (30a), its distance (r) from 
the point P varies in the manner expressed by the following 
equation. 


r= xt (h, cos wt —y)? 


=x|14te ew ens | 


Le 


if 


Let us first draw the curves showing the steady state values 
of the displacement potential at P which correspond to the 
position of the charges at any instant of time, and then pro- 
ceed to consider in what respect these curves must be altered 
to make them represent the retarded potential. By the 
“steady state value of the potential at P corresponding to 
the position of the charges at any instant” is meant the 
potential which would be assumed by the point P if the 
charges ever after remain fixed in the position they have at 
the instant under consideration. 

The value at point P of the steady state displacement 
potential due to the various positions of the charge (dQ) is 
given by the equation, 


i ee 
qT sh eeNS 
a a esos 
Xe 
a dQ 1 a AAs cos ——- 
Arx 2xe 
dQ 1 
era la ese: (h,? cos? wl — 2hoy cos wt +y9 | (31) 
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As the element of charge (—dQ) located at the center of the 
negative plate moves up and down, its distance (r) from the 
point P varies in the manner expressed by the following 
equation, 


rs Pe+(—h, (ers ot-yy |” 


The value at the point P of the steady state displacement 
potential due to the various positions of this charge, is given 
by the equation, 


aes 1 es tnt cos? wt + Dhiy cos wt + | (32) 


The resultant displacement potential at P due to the cor- 
responding elements of charge at the centers of the positive 
and negative sets of rings is 


d&=d +d, = YY cos ut (33) 
Tv 


Curves showing the variation in time of the values of the 
terms of equations (31), (32), and (33) have been drawn (but 
not to scale) in Figures 13, 14, and 15 respectively. For 
example, the right hand member of equation (31) consists 

2 
of the constant term te (1 -*,) upon which two very 
Anrx Ye: 
small variable terms are superimposed; the variable term 
aa ‘ae is of the same frequency as the frequency of 
T 


vibration of the moving charge, and the term ae 
h?, cos?ut 

D2.& 
represented by curves A, B, and C of Fig. 13. 

This question now arises: How must these curves be 
modified in order to make them represent the values of the 
retarded displacement potential at P? 

At the instant at which the charges pass in opposite direc- 
tions across the neutral surface (as the instant t.), the dis- 


tance of the elementary charges from P is V x?+-y?. Now the 
| [ 217] 
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effect corresponding to the location of any element of the 
charge at the instant (t,) is felt at P (r/s) seconds later. 
Therefore it follows that the potential shown by Figures 13, 
14, and 15 for the instant (t,) represents the retarded po- 


2 2 
tential at P at the instant (« eS ; 


During the quarter cycle from (ti) to (te), the positive 
charge moves farther and farther away from P and the nega- 
tive charge approaches P. At the instant (t:), the positive 
charge is at its maximum distance and the negative charge 1s 
atits minimum distance from P. At this instant the positive 
charge is approximately 1.2 cm. farther from, and the nega- 
tive charge is approximately .6 cm. nearer to P than they 
were at the instant (t:). 

Therefore, the potential shown in Fig. 13 for the instant 
(t:) represents the retarded potential at P at the instant 


2 eb. 2 
c aes “fe 121 while the potential shown in Fig. 14 


for the instant (t.) represents the retarded potential at P at 


2+y2 16 
the instant c ae — $I That is to say, in alter- 


ing the curves in Figs. 13, 14, and 15 in order to make 
them represent the retarded potentials, the potentials shown 
for the instant (ti) in Figs. 13 and 14 must be shifted back 


% 2 
in time by i seconds, the potential shown for the in- 


Vxety? 1.2 


stant (tz) in Fig. 13 must be shifted + IS seconds, 


and the potential shown for the instant (t.) in Fig. 14 must 


aE Ne RAL 


be shifted “, seconds. 


There is, therefore, between points on the Fig. 13 and 


Fig. 14 curves a relative shift which never exceeds G& + 


2 ) seconds, or 6 1071! seconds. Now a shift of 6 10°” 


seconds in time corresponds at a frequency of 80,000 cycles 
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to a shift of only five one-millionths of a cycle or .0018 
degrees. 

From this it follows that for all practical purposes,* the 
curves of Figures 13, 14, and 15 will represent the retarded 


Noe 


potentials at P if they are shifted in time by 


seconds, or substantially by = seconds. From equation 


(33), 1t follows that the value of the retarded displacement 
potential at P due to the corresponding elements of charge 
at the centers of the positive and negative sets of rings is 
given by the expression: 


A COS Ww (1 ~ x) (34) 


In like manner, every element of the positive charge may 
be paired with its corresponding element of the negative 
charge; any pair may be seen to contribute to the value of 
the retarded potential at P the quantity 


» (dQ) hey (x — X) 
CD Tae 2K COS w ¢ — xo) (eis) 


in which, X is the abscissa of the pair of charges under 
consideration. Thus, the resultant potential at P will be 
the sum of a great number of harmonic functions of the 
same frequency but differing somewhat in phase. The maxi- 
mum difference in phase will be equal to the interval re- 
quired for the transmission of the disturbance over a dis- 
tance equal to the diameter of the radiator. This interval 
equals 330 + 3 108 or 1.1 10° seconds, which at a frequency 
of 80,000 cycles means a phase difference of .088 of a cycle, 
or 32 degrees. 

Since the charges on the radiator have been assumed to 
be symmetrically disposed about the axis, and since the 
contribution made by any pair of elements to the potential 


_, rit. should be borne in mind that none of these arguments or conclusions apply 
if the point P is within a few wave lengths of the radiator, or if the line OP from 
the radiator to P makes an angle greater than one or two degrees with a horizontal 
plane. If OP makes an appreciable angle with the horizontal, these simple consid- 
erations require modification. See Appendix A for the forces at elevated points. 
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does not differ in phase by more than 16 degrees from the 
contribution of the central pair of charges, it follows that 
the value of the retarded displacement potential at P will, 
to within a few tenths of one per cent, be given by the ex- 
pression: 


ony ( oP 
a — ox cos w ft AG (36) 


24. THE RETARDED VECTOR POTENTIAL A 
The retarded vector potential A is defined by the equation, 


Mel LV 


Now, in Fig. 5, the charges move only in a direction 
parallel to the Y axis. Therefore, the X and Z components 
of Y are zero, or the vector potential A is a vector parallel 
to the Y axis. For the positive charge, the Y component of 
the velocity Y is, 


dh | 
ite 


and for the negative charge, the Y component of the velocity 
is, 


Vop = —h,w sin ot 


V5, — hoo sin ot 


Since the moving charges are symmetrically disposed 
about the Y axis, and since the vector potential contributed 
by any element does not differ in phase by more than 16 
degrees from the potential contributed by the charges mov- 
ing along the Y axis, it follows that the value of the retarded 
vector potential at P will, to within a few tenths of one per- 
cent, be given by the expression 


A= Ar= 2) —h,w sin w (zy 
Orne ( -= \t 
+ ae me sin w{ t ; { 
or A, = cs ee sin (: -*) (om 
21x S 


TT 
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25. THE DISPLACEMENT AND POTENTIAL GRADIENT AT P. 
From equation (28), the displacement is given by, 


iad 
D=—grad@--G af A (28) 


Taking the derivatives of @, as expressed in equation (36), 


de® = °¥ cos o (t-* J+ ¥% sino (.-+)| 
dx Qa S 


dé Qh, (1 Cox, ) 

dy 2x? S 

d®@ 

ore =O 

d@. 

At points of the neutral surface (the XY plane), dx ' 
zero since (y) is zero. At points near the XY plane, . is 
negligibly small in comparison with Res . That 1s to saygetire 


dy 
Y component of the gradient of or D,’ is the only com- 
ponent of appreciable magnitude at points near the neutral 
surface. The Y component of the gradient of ® is given by 
the expression, 


eee Dees ee 
De) = Lugo cos. (1 4) 


Since the X and Z components of the vector potential 
are zero, and by equation (37), 


Ayg=— ae sin» (t-*) (37) 
Therefore 
Dat = 152 = O 


and 
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Therefore the displacement at point P is parallel to the 
Y axis, and its value (vertically upward) is given by the 
expression, 


2 
D.=D,'+D,"= She] eet I COS w (.-~) (38) 


QT | 8°X x3 


The potential gradient at P is likewise parallel to the Y 
axis and its value (vertically upward) is, 


=D: - Qhe/ one =| ( x , 
Sasso aaa ers COS Ww eee (39) 


26. THE MAGNETIC FORCE AT P 
From equation (29), the magnetic force 1s given by, 


H=curlA (29) 


Now, at all points in space the X and Z components of 
the vector A are zero, and at the point P, the value of A is, 


A=A,=-2%" sin o ¢ -*) (37) 
Therefore, 
nord dds 2g 
Hs; or es = ‘ic iG 


2 
(ip ape is COS © (s-=)} ee sino(t-*)| (40) 
i Ls S ex S 


That is to say, the magnetic force is exerted in a direction 
which is normal to the plane determined by the point P and 
the axis of the radiator. The magnetic force is exerted along 
circular paths which are centered upon the axis of the radi- 
ator, and which lie in planes normal to this axis. 

The magnetic flux density at P will be given by the ex- 
pression: 


| COS w ¢ -*) EL OasCT (: a 2) (41) 
ky al Wik <: S xe S 
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V. APPLICATION OF THE EXPRESSIONS FOR iia 
BORGES AT DISTANT POINTS 


27. THE ELEcTRIC FORCE 


The expression for the electric force at P—equation (39)— 
contains two terms. As the distance from the radiator to 
the point P is increased, the first term decreases as the first 
power of the distance and the second term decreases as the 
cube of the distance. At zero frequency, that is, with the 
charges stationary, the first term disappears from the equa- 
tion, and the second term is seen to be identical with the 
expression previously derived for the gradient in the electro- 
static field by the method of images. Hence, we may call 
the first term the “radiant term’’ and the second term the 
“steady-state term.”’ 

The radiant and steady-state terms are of equal magni- 


tude at the point x a , or at a point .159 of a wave length 
10) 


from the radiator. (It should be noted, however, that equa- 
tions (39) and (40) do not apply to points this close to the 
radiator). For all points at a greater distance than this 
from the radiator, the radiant term is the larger term; at 
great distances, the steady-state term becomes negligibly 
small. For example: at a point P which is at a distance of 
600 kilometers from the radiator specified in Table I, the 
electric force or potential gradient is 


ae ui a cos 500,000 (t —.002) 


F, (in volts per cm.) = L 

The magnitude of the radiant term at this point is seen 
to be one million times as great as the steady-state term. 

For points at a great distance from a radiator vibrating 
at the usual wireless frequencies, the steady-state term may 
be dropped and equation (39) may be written thus: 


; | 
Fy = eta He ss iS COS Ww (1 -~ x) (42) 


S 
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26. [THE MAGNETIC FORCE 0." 


The expression for the magnetic {ofc at P—equation 
(40)—also consists of two terms. As distance from the 
radiator to the point P is increased, the. (term decreases 
as the first power of the distance, and es d term de- 
creases as the square of the distance. Bot rms vanish 
for zero frequency. The coefficient of the éeond. term, 


a x ~ is the magnetic force which eae De set 


namely =e 


LDyat -P ( Pans two charges, instead of oscillating, vibe te 
move continuously away from each other with a uniform 
velocity equal to the velocity they have when crossing the 
neutral surface. Therefore, we may call the first term the 
“radiant” term and the second the “‘steady-current”’ term. 

As in the case of the electric force, the two terms in the 
magnetic force are of equal magnitude at a point .159 of a 
wave length from the radiator. At greater distances the 
radiant term is the larger term. For example: At a point P 
which is 600 kilometers from the radiator specified in Table 
I, the magnetic force is 


H; (in ampere-turns per cm.) = eS COS W (1 -*) 
POO x 
+- Tow SIn w ¢ = x) 


The magnitude of the radiant term at this point is one thou- 
sand times as great as the “‘steady-current” term. For 
points at great distances from a radiator vibrating at the 
usual wireless frequencies the steady current term may be 
dropped and equation (40) may be written, 


es aa COS w ( -*) | (43) 
x S 


29. THE RADIANT VECTOR 

By Poynting’s Theorem, the rate P, at which energy 
streams across unit area at P is the vector product of the 
electric and magnetic forces at P. 


P:=F XH (watts per sq. cm.) 
lez 
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Using the approximate values for F and H given in equa- 
tions (42) and (43) and taking the vector product, it is seen 
that the radiant vector P; at P points radially away from the 
oscillator and has the value, 


3 2 244 
ues No eee (\ es =) (44) 
».¢ S 


S2 


For the specific conditions of Table I, this reduces to 
P, (in watts per sq. cm.) = a COs? w (\ -*) 


This result may be arrived at in another way. The 
electro-potential energy per unit volume at P is 


2 2 74 
: pF? o feeatut Q? he he costo (t-*) 


OF, S 


The electro-kinetic energy per unit volume at P is 


1 ; 2407? Q?h,?f4 5 ( x 
a HH? or si x COs? w { t wi 


The energy in the electro-potential form per unit volume is 
seen to equal the energy in the electro-kinetic form, and the 
480° Q?h,? f# Naan (« ta 

S x S 
Since the state of the medium is propagated outward with 
the velocity (s), the rate at which energy streams across unit 
area at P will be (s) times the energy per unit volume. 


=| oe a le aon ( -*)| _ 4800* Q? ho*te 


ae S oe x2 


COS? w ( -*) 
S 


This product is seen to be identical with the expression in 
equation (44). 


total energy per unit volume is 


20. THe “RADIATION FIGURE OF MERIT’ OF AN ANTENNA 


We are now in a position to answer the question raised at 
the beginning of this discussion, namely: How is the magni- 
tude of the disturbance which is set up in the medium at a 
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distant point P affected by the height of the capacity area 
of the radiating station? 

The expressions for the electric force, for the magnetic 
force, and for the rate at which energy streams past P— 
equations (38) to (44)—all contain the factor (Qh,). That 
is, the magnitudes of the forces and fluxes are directly pro- 
portional to the value of the product of the charge (Q) on 
the capacity area times the maximum height (h,) of the 
capacity area, and the rate at which energy streams past P 
is proportional to the square of this product. 

Now the charge Q on any capacity area may be written 
as equal to the capacity (C) of the area to earth times the 
voltage (E) from the charged area to earth, both C and E 
being the values for the instant when the area is at its point 
of maximum elevation. Accordingly, (Qh,) may be replaced 
by its equivalent (Ch,E). Now the maximum voltage (E) 
which may be applied between the capacity area and earth 
is limited by such considerations as the failure of the in- 
sulators and the ionization losses around the wires. This 
voltage is (within limits) substantially independent of the 
capacity (C) and elevation (h.). Possibly the limiting volt- 
age would be somewhat lower for a radiator having the 
capacity area at a great elevation (150 meters) than for a 
radiator having the capacity area at a moderate elevation 
(10 meters), because of the greater mechanical difficulties 
encountered in insulating an extended area at a great eleva- 
tion. 

From this it follows that if two different antennae of ex- 
tended area are operated at the same voltage and frequency, 
then the magnitudes of the electric forces—or of the magnetic 
forces—at the same distance from the two antennae are 
proportional to the values of the (Ch) products of the two 
antennae. The product Ch—the product of the capacity 
of the extended area times its elevation—may, therefore, be 
called the Radiation Figure of Merit of the antenna. 

The question now is, How is the figure of merit of an 
antenna having an extended capacity area affected by the 
height of the capacity area above the ground? Imagine the 
area to be in the form of a circular sheet of radius R, as in 
Fig. 1. If the radius (R) is large as compared with the eleva- 
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tion (h), the capacity (C) is given approximately by the 
expression 
pa R? 

h 


Whence Ch = pz R? 


That is to say, the radiation figure of merit of the antenna is 
independent of h, or the values of the electric and magnetic 
forces at distant points are independent of the height of the 
capacity area. On the other hand, if the radius R is small in 
comparison with h, the capacity is given approximately by 
the expression, 


Ce 


C=" Spit 
Whence Ch = 8pRh 


That is, the radiation figure of merit of the antenna is di- 
rectly proportional to the elevation h. Between these ex- 
treme conditions, the figure of merit of an antenna of given 
area increases with the elevation of the capacity area, but 
at a lower rate than the first power of the elevation. 

This leads us to a brief consideration of the feasibility of 
mounting the capacity areas in wireless telegraph stations 
at a low elevation. 


31. A COMPARISON OF SPECIFIC EXAMPLES OF HIGH AND Low 
ANTENNAE 

As typical examples of low and high antenna, let the 
radiator specified in Table I (mounted, however, at only 10 
meters elevation) be compared with the antenna of the Gov- 
ernment Wireless Station at Arlington, D. C.* 

As previously stated, the capacity area of the Arlington 
Station consists of three approximately horizontal wire 
harps suspended at an elevation of approximately 150 
meters. The capacity of this antenna as determined by 
measurement is reported to be .0094 microfarads. The 
antenna cannot, however, be regarded as the equivalent of 
a radiating area at an elevation of 150 meters and having a 
capacity of .0094 microfarads. To find the real capacity of an 


*For a description of the Arlington Station see D. W. Todd, Jour. Am. Soe. Bierdee 
Engineers, Vol. 25, February 1913. Also, Kintner, Forbes, Kroger and Ho 
United States Navy Wireless Station in Electrical World, Vol. 61, page 721, April 1913. 
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area which, mounted at an elevation of 150 meters, would be 
the radiating equivalent of the Arlington antenna, one must 
subtract from the measured value of the Arlington antenna 
to allow for such effects as the following: 

Ist. A part of the capacity of .0094 microfarads is through 
the insulators to the steel towers. Any displacement current 
through the insulators is accompanied by a conduction cur- 
rent flowing up and down the steel supporting towers. Again, 
a portion of the electrostatic flux from the wire harps termin- 
ates on the upper portions of the steel towers; this leads to 
conduction currents in the towers. These charges running 
up and down the steel towers move in the opposite direction 
to the charges in the tail of the antenna and so partially 
neutralize the radiation from the antenna. 

2d. The .0094 microfarads includes the capacity due to 
displacement from the lower portions of the antenna tail to 
ground. This capacity area is of course not very effective 
because of its low elevation. 

I should estimate that the radiating power of the Arlington 
antenna is not greater than that of a capacity area at an 
elevation of 150 meters and having a capacity of .005 mi- 
crofarads. ‘The radiation figure of merit of the Arlington 
antenna is therefore estimated to be .005 x 150 = .75 mi- 
crofarad-meters. The capacity area specified in Table I isa 
circular sheet of 165 meters radius mounted at an elevation 
of 60 meters. The capacity of this sheet to earth is approxi- 
mately .0125 microfarads, and its figure of merit is .75 mi- 
crofarad-meters. The radiator of Table I if operated at the 
same voltage and frequency as the Arlington antenna may, 
therefore, be expected to set up at distant points a field of 
the same intensity as the Arlington antenna. Moreover, 
this sheet of 165 meters radius if mounted at a height of 5 
or 10 meters will set up the same field as if mounted at the 
height of 60 meters. 

By mounting the capacity area at an elevation of 10 me- 
ters, its capacity is increased to .075 microfarads. This is 
only 40 per cent less than the capacity of the compressed air 
condensers used in the primary oscillation circuit of the Ar- 
lington station. Now the antenna can very readily be in- 
sulated for operating voltages far in excess of the voltages 
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usually applied to the condensers in the primary circuit 
(30 to 50 Kv). Therefore, if the capacity area is mounted at 
the moderate elevation of 5 or 10 meters, it is possible to 
store in the antenna circuit more energy than is generally 
stored in the condensers of the primary circuits of high 
power wireless stations. This makes it feasible to dispense 
with the coupled circuits which are at present used in spark 
systems of wireless telegraphy and to obtain slightly damped 
oscillations from a simple oscillating circuit comprising an 
extended capacity area M, an inductance L, and a spark gap 
S as shown in Fig. 16. 


M M 
4 ! 
h, 
R S a: 


Pies 17 PG eeu6 


32. CONSTANTS OF A SENDING STATION 

The constants of an antenna of the dimensions given in 
Table I, save that the capacity area is mounted at an eleva- 
tion of only ten meters, would be as follows: 


TABLET 


CONSTANTS OF AN ANTENNA 10 METERS IN HEIGHT 


Raditis*olcapacilveat Gan ver Ga tn ee 165 meters 
Pleislitor- capacity. area), ee ae 10 meters 
Wapacily Ol Area, tO caren vce cn ees .075 microfarads 
Assumed operating conditions 
Voltage at moment of discharge.......... 100 peak Kv 
Frequency of Osciliallon ee 80,000 cycles per sec. 
For the above voltage & frequency 
Brengy Stored? acta at ee, ee ee OLD joules 
Power input at 1000 sparks per second.. 375 Kw. 
Peak value of antenna current.................. 3800 amperes 
Critical resistance of oscillatory circuit... 53 ohms 
Hittiannravesoierad Labonte 1 eee 80. Kw 
Radiation resistance (See Appendix B) 011 ohms 
Logarithmic decrement per cycle due to 

PACATION OU eNOrO yn. ee eee 0013 
Linear decrement per cycle due to radia- 

tion :of enerayels wish eee oe 13 "peracens 
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It will be noted that the decrement due to the radiation 
of energy is extremely low; the decrease in the voltage or cur- 
rent due to radiation losses is only .13 of one per cent per 
cycle. In addition to the radiation loss, the following losses 
require consideration: the I?R loss in the conductors, the 
ionization losses in the air around the conductors, and the 
losses in the spark gap. The resistance of the conductors to 
the 80,000 cycle currents can readily be made less than .01 
ohms, and the ionization losses made negligibly small. The 
equivalent resistance of the spark will be of the order of .1 
ohms (between .05 and .15 ohms). If the equivalent re- 
sistance of the spark is estimated to be .1 of an ohm, the total 
damping resistance is .12 ohms. ‘This resistance will cause 
a decrement of only 1.4 per cent per cycle. 

. The current and the rate of radiation in Table II are cal- 
culated for a peak voltage of 100 Kv. This is considerably 
in excess of the voltages which have hitherto been used with 
rotary spark gaps. There may be some uncertainty as to the 
performance of a rotary spark gap at this voltage. 


Pe ehhh LOW ANTENNA FOR RECEIVING 
PURPOSES 


30. THE INDUCED VOLTAGE 


Thus far the low antenna has been discussed only as a 
radiator of electromagnetic waves. This question now 
arises: Is the effectiveness of an extended antenna as an 
absorber or receiver of electromagnetic energy independent 
(within the limits previously stated) of its height above the 
ground? 

Imagine the receiving station to comprise an extended 
capacity area M, (Fig. 17) mounted at the height (hi) above 
the ground, an inductance L, and receiving devices of ohmic 
resistance R. (The receiving devices may be inductively 
coupled with the simple series circuit shown in Fig. 17; in 
this case, R represents the resistance of the receiving devices 
reduced to the primary circuit). Assume the circuit shown in 
Fig. 17 to be resonant to the frequency of the sending station, 
and to be located at the distance (x) from the sending sta- 
tion. 
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From equation (42), the potential gradient at the receiving 
station is 


2 
Dye Aaa ¢ -*) (42) 
S >.< S 


Therefore the voltage E, between the plate M of the receiving 
station and earth is 


E, -— Qi ¢ a ) (45) 


X S 


a4. THE BUILDING UP OF THE OSCILLATION 


Neglecting minor terms, the equation for the start of an 
alternating current in a highly oscillatory circuit resonant 
to the impressed frequency, and comprising resistance, in- 
ductance, and capacity in series is as follows: 

Measuring time from the instant at which the electromo- 
tive force is impressed in the circuit, and representing the 
impressed electromotive force (e) by the equation 


e=E cos w (t—t) 


the equation for the current (1) in the circuit is 


i ae ee Nos a (46) 


in which 
R is the resistance of the resonant circuit, and 
L is the inductance of the resonant circuit. 


Now the resistance of the receiving station consists of— 
(1) the useful resistance Ry, that is, the equivalent resistance 
of the devices which consume a part of the received energy 
and are actuated thereby. 

(2) the unavoidable ohmic resistance R,. of the antenna 
conductors and ground connections. 
(3) the radiation resistance R; of the antenna. 

Item (2) can be made smaller than Item (3), and of two 
stations operating at the same frequency, the station having 
the higher radiation resistance would, in general, have the 
higher Item (2) resistance. That is, the two items (2) and 
(3) may be regarded as very roughly proportional. Let us, 
therefore, lump items (2) and (3), and denote their sum by 
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R, = Re + Rs. R, will consist mainly of the radiation re- 
sistance R3, the expression for which 1s, 


2 2 +2 
Ry = 10m hs f 


ohms* (47) 
From this expression it will be noted that the radiation re- 
sistance of the antenna is proportional to the square of the 
height of the capacity area. 

Let ‘us first compare the ultimate values to which the cur- 
rent and voltage build up, and the rate at which they build 
up to these values, in two receiving stations in which the 
only resistance is the resistance R,. Let station A have the 
capacity area mounted at the height (hi) and station B at 
the height (nh,), and let the antennae be of the same area in 
the two stations. The constants of the two circuits are as 
shown in Table III. 


TABLE III 
Relative Constants of Low and High Antennae 


Station A Station B 
Height of capacity area.......... hy nh, 
Induced voltage (peak).... ..... E nE 
LE ee C i 
MHOC Ce) col fac aeteacse cox tyte% L ig 
Pei iON TeSIStance..........0-6.:: R ial Ee 
E E 
Pinal current. (peak)................ RB Ses) 
Finalcond Itage (peak) z ae 
inalcondenser voltage (p RCo RCo 
Edel: elke 
; eke 
Final energy stored 14LI’...... 5p oR? 
1 Ee 
1 2 pare Vom eft Bae 
“a (OO 2 a 2RnCw 
Res as | 
Pinal rate of radiation............ 7 : R 
2L PAB 
Mea CONSUL AML. fe). cise eens R a 


De en ae 


*See Appendix B. 
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It is seen that the receiving properties of the two antennae 
correspond with their relative radiating properties. The 
current in the low antenna builds up to (n) times the current 
in the high; both build up to the same condenser voltage; 
therefore, the low antenna stores (n) times as much energy 
as the high, and has a time constant (n) times as long as 
that of the high antenna. The final rate of radiation is the 
same for both stations. That is, both antennae ultimately 
abstract energy at the same rate from the passing electro- 
magnetic waves, but the high antenna abstracts energy at a 
greater rate than the low antenna during the initial stages 
(first few swings) of the oscillation. The high antenna will, 
therefore, respond much more readily to highly damped 
waves than will the low antenna. This means, of course, 
that when receiving undamped or slightly damped waves, 
the high antenna will be subject to greater interference 
from atmospheric disturbances than will the low antenna. 
To reduce this interference in the case of stations with high 
antenna, additional capacity is used in the ‘“‘interference 
preventer” circuits. In other words, the low antenna is to 
be regarded as the equivalent of a high antenna and “‘inter- 
ference preventer’? combined. 

Let us now suppose that the two stations under-compari- 
son contain receiving devices. The maximum amount of 
power is expended in these devices if the resistance R, of the 
utilizing devices is made equal to the resistance R,. With 
the resistence Ri so proportioned, the final rate at which 
energy is abstracted from the passing waves by the antenna 
is half as great as it would be if the utilizing devices were 
left out of the circuit. Of the energy so abstracted, one half 
is expended in the utilizing devices and one half is re-radi- 
ated. That is, in the case of both the high and the low an- 
tenna, the maximum rate at which energy can be expended 
in the utilizing devices is approximately equal to one quarter 
of the final rate of radiation with the utilizing devices cut 
out of the circuit. Since—as shown in Table II1I—-this rate 
of radiation is the same for stations A & B, the conclusions 
previously drawn as to the relative receiving properties of 
the two stations are not altered by the insertion of utilizing 
devices with properly proportioned resistances. 
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35. COMPUTED VALUE OF THE RECEIVED POWER 


If the station whose constants are given in Table II is 
used to emit undamped waves and if a similar station is used 
for receiving, then the maximum amount of power will be 
expended in the utilizing devices if their equivalent resistance 
is approximately .02 ohms. With such a resistance and 
with a distance of 5000 kilometers between the two stations 
and no absorption losses in transmission, the computed 
final values of the power received, current, etc. in the 
receiving station are given in Table IV. 


TABER IN 


Computed value of received power with similar 
sending and receiving stations 


Petent on capacity areas............. 10 meters 
Capacity of antenna to earth...... sO7o” imicrotarads 
Distance between stations............ 9000. Km 

Assumed sending conditions 
epee dels cisveeiclese 100 peak Kv 
TESS 0 SES oe 3800 peak amperes 
LS CECI 80000 cycles per sec. 
PperOl radiation..\........0.:...005.. 80 Kw 


Receiving Station 
Radiation plus wire & earth re- 


SS DSA, 9 OO AU: ohms 
Resistance of utilizing devices...... 802 ohms 
Merammoe dr VOILALE......... ccc dg celecee. .0076 peak volts 
Final condenser voltage................ On peak volts 
17) CY 64 0 A 19 peak amperes 
Final expenditure in utilizing de- 

Be ey Ai atk EBS tacts decom .00035 watts 
LC OL SEN CATES Ue nen aD Oo microhenries 
MresCOMS( ANE ows biecc cp yesecse da .0026 seconds 
ME PE ONSCANL shh .ib. fesedevdeenss DOs cycles 
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VIT. (SUMMARY 


36. To SUMMARIZE: 

1st. If an electro-magnetic radiator having a capacity 
area with a radius which is large in comparison with any 
feasible mounting elevation is operated at a given voltage 
and frequency, its radiation figure of merit is independent of 
the elevation at which the capacity area is mounted. 

2nd. It is feasible to construct a radiator with the capac- 
ity area at a very moderate elevation which will have a ra- 
diation figure of merit equal to or greater than the values 
which are at present attained in long distance wireless sta- 
tions by mounting the capacity area at a great elevation. 

3rd. An elevated antenna will respond more readily to 
rapidly damped oscillations than will a low antenna. Both 
antennae (if the capacity areas are equal) will ultimately 
absorb the same amount of power from sustained or very 
slightly damped trains of waves. Therefore, when receiving 
sustained oscillations, the low antenna may be less subject 
to interference from atmospheric disturbances and other 
stations. 

Ath. The relative advantages of low versus high antennae 
for high power radio telegraph stations have been tabulated 
below. 


ADVANTAGES OR Merttrs oF Low Versus Hicu ANTENNAE 
FOR HiGH POWER STATIONS 


Low Antenna 


Lower first cost (except where the cost 
of land per acre is very high) 

Power condensers are unnecessary 
Single frequency of oscillation. 
Apparently possible to obtain a smaller 
decrement than where power con- 
densers are necessary. 

Less likelihood of damage by lightning. 
Probably less interference from ‘‘at- 
mospheric.”’ 


High Antenna 


Smaller antenna current—this may be 
of considerable advantage where arc 
generators or high frequency alterna- 
tors are used 

A smaller number of insulators will be 
required: less likelihood of interrup- 
tion due to insulator failures. 


[ 236 ] 


BENNETT—RADIO TELEGRAPHY AND TELEPHONY 59 


APPENDIX A 


THE FORCES AT POINTS AT A GREAT DISTANCE 
FROM THE RADIATOR AND AT ANY ELE- 
VATION ABOVE THE NEUTRAL PLANE 


37. Let P in Fig. 18 represent any point at a great distance 
from the radiator, and let Q represent any small portion of 
the positive moving charge. 

We wish to calculate the potentials and the forces at the 
point at the instant t which arise from this moving charge 
and its image —Q. 


oa 


~~ i] = 
ee peel 2 


Figs 


Let some element in the moving charge Q be selected, and 
let us suppose that this element reaches the point O in space 
at such an instant (t,) previous to (t) that the distance OP 
will, at the velocity of propogation (s) in the intervening 
medium, be traversed in the interval (t—t,). Then 


OE MOuet re = S(t, ) (48) 
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Let O (regarded as a point fixed in space) be chosen as the 
origin of coordinates and let the coordinates of P be repre- 
sented by x, y, Z. 

Let us take any other element of the charge, as the element 
N, whose coordinates at the instant (t,) are X, Y, Z, and de- 
termine its coordinates when it is occupying such a position 
that the influence propogated from the element N will reach 
the point P at the instant (t), that is, simultaneously with 
the influence from the element at O. This position will be 
called “‘the effective position of the element N corresponding 
to the instant (t)’’. Let this effective position be represented 
by Ni — Xi, Way Live) 

Assume that this effective position N; is reached at an in- 
stant (ti) which is later than the instant (t,) by the interval r. 

Then 


tp = tet (49) 


The condition that N, shall be the effective position of the 
element is that the distance 


N,P shall equal s(t—t:) = s(t —t, —7) (50) 


If the charge Q is assumed to be all moving in the same di- 
rection with the velocity Y (components V,, V2, and V3), 
then 


Xi,=X+Vir | 
Ya vee (51) 
Zy= Z+V3T i 


But 
NiP = V (& —Xi)?+(y —Yi)? +@ — Zi)? 
2V (2K Vir -Y Win + Oe 
Therefore, from (50) and (52), 
s?(t—t, — 7)? = (kK —X —Vir)?+(y —Y —Ver)?+ 
(z—-Z—V3r)? (93) 
Expanding, and dropping infinitesimals of higher orders, 
: (s Seb fy tevs) DOS ee 


If It 
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But es is the component of the velocity of the 


charge in the direction OP, or along the radius (r) to the 
point P. 


xVi ee +2zV3 by Ve 


Representing (54) 


Meee ey ob ZZ 


ae oe 


It will be noted that 
the radius ON on the radius OP. 


ese is the projection of 


XX + VY +.2Z 


Representing : 


by Rs; (56) 


equation (55) may be written 


(97) 


The element which at the instant (t,) has the coordinates 
N:i (= X, Y, Z,) has its effective position corresponding to 
the instant (t) at the point Ni = X,, Yi, Zi, and its distance 
from P, namely NP is (by equations (50) and (57), 


Sine 
Save 


NiP =s(t—-t, —7) =r—-s7r=r— (58) 

08. Letusnow assume thatthemovingcharge Q is spherical, 
that the element O is the center of the charge, and that the 
integrations indicated in equations (26) and (27) for the re- 
tarded potentials @ and A are to be carried out over this 
charge for the instant (t). It will be noted that the volume 
occupied by the charge in its “‘effective position correspond- 
ing to the instant (t)” (that is, the volume over which the 
integrations are to be taken) is not spherical in shape. ‘This 
is due to the fact that the influence of any element of the 
charge, as N, which is nearer to the point P than is the center 
O of the sphere, reaches P before the influence from O. The 
effective position of N is therefore some position, as ANS 
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which it occupies later in time. That is, the effective position 
of any element whose distance from P is less than OP will 
be found by displacing the element in the direction of move- 


ment of the charge by an amount which in the case of slowly. 


moving charges will be shown to be proportional to the dis- 
tance R, of the element from the plane CC, and to the velocity 
of the moving charge. On the other hand, the effective posi- 
tion of any element M whose distance from P is greater than 
OP will be found by displacing the element in a direction 
opposite to the direction of movement of the charge. The 
integrations indicated in equations (26) and (27) for the re- 
tarded potentials must, therefore, be carried on over the 
space found by distorting the sphere as indicated by the 
dotted outlines of Fig. 18. 

The relative volume of the spherical space and the space 
within the dotted outline may be found as follows. Consider 
a differential slice of the charge included between two planes 
AA and BB perpendicular to the radius OP. Let the pro- 
jection on OP of the radius to any point in the plane AA be 
R,, and the projection of any point in BB be R, + dR,. The 
effective position of any element in the AA plane is given 
by equations (51) and (57) as 


Xi,=X4+Vi7=X+ Be Vi 
s—V, 
Ry 

Y.=Y4+V2r=Y+ Ve 
Sve 
Ry 

a= Z4+Vs7 =Z2+ Ve; 
SEIN 


That is, in their effective positions corresponding to the 
instant (t) all elements in the AA plane are displaced in the 


Ry 


direction of movement of the charge by the amount : = 


In like manner, all elements in the BB plane are displaced 
Ni 

sy +dR,) | 
The displacement of the BB plane is therefore greater 


than that of the AA plane by the amount a. dR,  jolbee 


by the amount 
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this difference is between displacements in the direction of 
motion of the charge, the increase in the perpendicular dis- 


tance between the planes is ars dR, 


Hence the volume between the planes in their effective 
ae Vieci\ ain Wie ewes ; 
positions is equal to (1 +‘ ) ss (1 te perio ) times 
the volume between the planes AA and BB. That is, the 
effective volume over which the integration is to be taken is 
ieee 


S ae 


oreater than the spherical volume in the ratio of (1 +} 


bee 2. ) to1, 


o9. For the case of slowly moving charges, as in the low fre- 
quency station whose constants are discussed in Section 31, 
we may now repeat the arguments used in Sections 22 to 24, 

He 
save that the charge must be multiplied by (1 + - ve) 
and that P must be taken to represent a point at any 
elevation above the neutral plane and at a great distance from 
the radiator. 

Letting @ represent the angle between the line OP and the 
axis of the radiator, the following expressions are obtained 
for the retarded potentials at P. 


i. ! sIn w (‘-1) 
2nT S S 


ME C OSU (1 I (59) 
If S : 


A=Ar=—Shel sin y(t) (60) 


From these expressions have been omitted the terms which 
in the case of slowly moving charges, are negligible at great 
distances from the radiator. 

From these expressions for the retarded potentials, the 
following expressions may be derived for the radiant terms 
in the electric and magnetic force at P. 


Pi b= O 
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H; Sere sin 8 COS w ¢ =) (61) 
sr S 

y= en cos # sin 8 cos w ¢ -*) (62). 

sr S 

2 ® 

one ana isla ¢ -+) (63) 
sr S 

F; = O 


The resultant electric force (the resultant of F; and F») is 
seen to be normal to the radius OP, to have the absolute 
value F given below, and to lie in the plane determined by 
the point P and the axis of the radiator. 

: | 
F =e ier sin 8 cos w ¢ -*) (64) 

Since the magnetic force is perpendicular to this plane, 
the electric and magnetic forces are both perpendicular to 
the line OP, and they are perpendicular to each other. 
Therefore, the radiant vector is in the direction of the line OP, 
and the rate P; at which energy streams out across a plane 
perpendicular to OP at the point P is 


_ 480? Q2h,2f! 


o S? r? 


sin? @ cos? w (« -+) (watts per sq. cm.) 
(60) 
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APPENDIX. 


Peete AL EOF RADIATION AND THE RADIATION 
RESISTANCE 


AQ. RATE OF RADIATION 

At any point at a great distance from the radiator, the 
direction of flow of energy is normal to the surface of a sphere 
passing through the point and having the radiator as a center. 
The rate P; at which energy passes outward across a square 
centimeter of the surface of the sphere at the point is given 
in equation (65). The rate of radiation is a maximum in 
the equatorial plane of the radiator and falls off toward the 
pole as the square of the sine of the angular distance of the 
point from the pole. 

The mean rate of radiation P from the radiator (with un- 
damped oscillations) will be found by integrating over the 
entire surface of a hemisphere described about the radiator, 
and then writing the mean value for a cycle of the expression 
so obtained. Upon carrying out this integration, the follow- 
ing expression is obtained for the rate of radiation P through 
a hemisphere described about the radiator. 


= 320n'Q*h.*f* 
S2 


P ACLS (66) 


41. RADIATION RESISTANCE 


The charges depicted in Fig. 5 each cross the neutral plane 
2f times per second. The quantity of electricity which crosses 
the neutral plane per second is, therefore, 4f{Q coulombs, or 
the moving charges convey the same quantity as an alternat- 
ing current whose average value is 4f{Q amperes, and whose 
r. m. s. value (I) is 


Bees 2 mf{Q  r.m.s. amperes (67) 


Now the “radiation resistance” may be defined as a ficti- 
tious resistance of such a value that the product of the radia- 
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tion resistance times the square of the current will equal the 
rate of radiation from the radiator. That is, the radiation 
resistance R; is defined by the equation 


P 


Rs = re 


Substituting the values of P and I as given in equations (66) 
and (677,)5 


obi OO els: 
ey : 


R3 (68) 


42. LOGARITHMIC DECREMENT DUE TO THE RADIATION OF 
ENERGY 


The logarithmic decrement (3) of the oscillation is defined 
as the Naperian logarithm of the ratio of any peak value to 
that following it by a cycle. 

Let it be assumed that the oscillation of the radiator is not 
sustained but is damped, and that the only loss is that due 
to radiation. For a slightly damped circuit containing re- 
sistance, inductance and capacity in series, the value of the 
logarithmic decrement is given quite accurately by the ex- 
pression 


(69) 


in which, 
R is the actual resistance of the circuit, and 
R, is its critical resistance, defined by the equation 


where f is the natural frequency of oscillation of the circuit. 
Now, in the case of a low extended antenna of area A, 
the capacity C is given approximately by the expression. 


_ pA 


C i 
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W hence 


enn sapken (70) 

Substituting in equation (69) the value of R, as given in 
equation (70) and for R the value of R; as given in equation 
(68), the following expression is obtained for the logarithmic 
decrement. 


os 823 f8 ho A 


3 83 


nse als 
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